Abstract. We show a Cauchy-Bunyakovsky-Schwarz type inequality related to the Möbius addition in complex inner product spaces. The corresponding inequality in real inner product spaces can be derived easily as well.
Introduction and preliminaries
The celebrated Cauchy-Bunyakovsky-Schwarz (CBS in the sequel) inequality
in any inner product space V is one of the most fundamental inequality in Mathematics.
Möbius addition is defined on the complex open unit disk D = {z ∈ C; |z| < 1} by
which appears in a wide variety of fields of mathematics. In particular, although Möbius addition is known in the literature as a hyperbolic translation, its group-like structure had gone unnoticed until it was uncovered by A. A. Ungar in 1988 [5] , in the context of Einstein's special theory of relativity. Furthermore, Ungar extended the Möbius addition in the complex disk to the ball of an arbitrary real inner product space, and observed that the ball endowed with the Möbius addition is a gyrocommutative gyrogroup (see [3] , [4] , [5] ). Let us briefly recall the definition of the Möbius gyrogroup. For precise definitions and basic results of gyrocommutative gyrogroups and the Möbius gyrogroup, see [2] . For elementary facts on inner product spaces, one can refer [1] . 
It is quite elementary to check that both denominators are positive, 
as in group theory. Moreover, the Möbius gyrodistance function d and Poincaré distance function h are defined by the equations
Ungar showed that h satisfies the triangle inequality [2, (6.294)]. 
In this article, we show a CBS type inequality related to the Möbius addition in complex inner product spaces. Our proof is based on just elementary calculus and algebra. The corresponding inequality in real inner product spaces can be easily derived from the proof as well. Nevertheless, it might be worthwhile to mention that the inequality (8) was found earlier than (1), in the study on real inner product gyrovector spaces.
Result
We begin with an elementary lemma related to a function of two real variables. Proof. Obviously we have The following theorem is a CBS type inequality related to the Möbius addition in complex inner product spaces. 
We can take real numbers 0 ρ, r 1 , r 2 1 and 0 t , x, y 2π such that
Fix an arbitrary pair {u, v} , so ρ,t are also fixed, and change w according to the condition 0 < ||w|| 1 . We denote by D the set of all tuples of 4 real variables (r 1 , r 2 , x, y) obtained by the procedure above, which is a subset of It follows from the CBS inequality that
in particular, we can obtain
In order to prove the inequality (2), it is sufficient to show
for any (r 1 , r 2 , x, y) ∈ D. The left hand side of (5) can be calculated as follows:
By using (4), we can continue to estimate:
by Lemma 4, so we can continue our estimation:
It follows from Arithmetic-Geometric mean inequality that
Here, we used Lemma 4 again for the last inequality. Thus the desired inequality (2) is shown.
It is immediate to see that the equality in (5) holds provided the condition (i) or (ii) is satisfied. Conversely, suppose that the equality in (5) holds. We may assume a = 0 or b = 0. If a = 0, then we have u = 0 and c = r 2 = 1 , the latter and the equality condition of the classical CBS inequality implies that v = μw for some complex number μ . 
